Introduction
When a new curriculum is implemented, a clearly spelled out theory of learning should underpin the process. In spelling out the intended outcomes of the Revised National Curriculum Statement (RNCS), Grades R -9 (Department of Education, 2002) , the creators of the new curriculum did in broad terms give a perspective on the theory of learning they endorse. This includes a statement such as: "The outcomes encourage a learnercentred and activity-based approach to education" (Department of Education, 2002: 1) . Understandably, a generic document such as this one cannot be expected to present a detailed theory of learning for a specific subject such as mathematics. However, as a result, there are considerable differences of approach among the people who have to concretise this curriculum on the groundthe government officials, material developers, textbook editors, teacher trainers, teachers, etc.
In our opinion, Realistic Mathematics Education, which has been developed in the Netherlands over the past 35 years, offers an approach to the learning of mathematics that enhances the realisation of the RNCS. This approach entails, among other things, a process of "guided reinvention" and "progressive mathematisation" (Freudenthal, 1973; Gravemeijer, 1994; 1998) . Drijvers (2003: 52) describes this as follows:
According to the reinvention principle, students should be given the opportunity to experience a process similar to that by which a given mathematical topic was invented. Thus a route has to be designed that allows the students to develop 'their own' mathematics. This process, however, needs guidance from the teacher, to help to further develop sensible directions, to leave 'dead-end streets' and to ascertain convergence towards the common standards within the mathematics community. The point of departure for this process is the informal strategies that students come up with that gradually develop into more formalised methods.
As far as the selection of subject matter is concerned, Gravemeijer explains that "the subject matter that is to be mathematised should be experientially real for the students" (Gravemeijer, 1998: 277) . "These may be everyday situations, but they may also be fantasy worlds in which the students can immerse themselves. And -last but not least -it may be mathematics that is experientially real" (Gravemeijer, 1998: 287) ; "the core principle is that mathematics can and should be learned on one's own authority and through one's own mental activities" (Gravemeijer, 1998: 277) . Only at the end of the mathematising process is a concept/definition/result refined to a more formal format, usually with guidance of the teacher.
On the basis of this approach the authors have over the past few years been experimenting with learning material for the senior phase. We have chosen Realistic Mathematics Education as our vehicle to meet the challenges in the mathematics classroom.
The Brave Maths Mouse Project
The first author has since 2004 spent two periods of three months each in project schools of the socalled Brave Maths Mouse Project to observe the activities in the senior phase mathematics classrooms of a few historically disadvantaged schools. These observations have significantly influenced the opinions expressed in this paper.
Features of the schools, teachers and learners when the project was initiated, are summarised below.
• The language of instruction is the mother tongue of the learners.
• The level of numeracy and literacy of a large percentage of learners is well below the level accepted in the curriculum. Many learners entering the senior phase have not achieved the outcomes of the intermediate phase.
• The differences occurring in a class can be considerable. Certain learners in grade 7 cannot read. In the same class one finds a learner who does not know what the answer to 18 divided by 6 is, while another is proficient in the use of tables, can read fluently and measure and construct accurately.
• The teachers in general follow one strategy of instruction, viz. to show the learners a mathematical recipe and to let them practise it. The teacher does the talking, while the learners have little opportunity to discuss the material.
• The learners are accustomed to waiting for instructions. They are unfamiliar with the idea of taking responsibility for their own learning.
• Learners do not have their own textbooks.
Much time is lost in copying from the black board.
• There is a shortage of set squares, compasses and pocket calculators in the class. The teacher also does not have drawing instruments for the black board.
• Domestic circumstances often prevent learners from doing homework. Our objective has been to develop learning material for grades 7 to 9 in order to realise the mathematics objectives of the curriculum that are relevant for these learners. Our strategy with the learner modules is that each learner receives her/his own copy and has to interact with the text, individually as well as in a group context. The teachers receive guidance on their role as facilitators of the learning process and as guides towards the acquisition of more structured mathematical expertise.
On the basis of our experience we try in this paper to illustrate the difficulties we have encountered in choosing learning material that complies with the curriculum and links with the level of knowledge of these learners and teachers. We present examples of learner material to illustrate and motivate our point of view. Education, 2002: 74) For the author of a textbook it is not a straightforward task to translate this learning outcome and the accompanying assessment standards into concrete learning material. The choice of a context is a delicate matter that requires careful reflection (Sethole, 2004) . Whether a certain context functions successfully within a given situation depends on a multitude of factors. While topics can be suggested as potential sources of meaningful problems (such as in the abovementioned assessment standard), the specific mathematics that has to be mastered should always be the first priority.
Learning
We also have serious concerns regarding the speed at which learners are expected to transfer from informal to formal procedures. In this regard Drijvers (2003: 42) emphasises that "the transition from informal to formal algebra is a level jump that students find difficult to make. The lack of time spent on the informal phase and on the students' schematisation is responsible for this. Too soon strategies are shortened, automatised and condensed into compact algebraic forms." Referring to the experience in the Netherlands, Drijvers (2003: 57) continues: "Much attention is paid to the exploration of realistic situations at the referential level, to the process of horizontal mathematisation, to the translation of the problem situation into mathematics and to the development of informal problem-solving strategies. Variables, for example, are often labelled with words that have a direct relationship with the context from which they are taken."
Example 1: a choice between cell phones
The problem of which cell phone company to choose is presented in Table 1 .
It seems as if this context works satisfactorily in a grade 9 class. There is discussion about seconds and minutes and about 60 cents and R0.60. What is the meaning of a basic monthly fee? With 100 minutes of airtime EasyPhone is cheaper, while TeleBel is cheaper with 500 minutes of airtime. Somewhere in between there must be a switching point. A table and a graph are produced to investigate this further (Table 2 and Figure 1 ). This enables Jolene to advise her dad. This problem has a context which is very appropriate for the specific learners.
• The context fits into their field of experience.
They are familiar with the concepts cell phone, basic monthly fee and airtime minutes.
• For these learners the problem is challenging.
They are determined to find a solution.
• The mathematics involved in this context is relevant.
• The problem fits into their learning process. The learners communicate in the language of the context (Table 3) .
There is discussion about essential mathematical issues, such as:
• the subdivision of the number lines along the horizontal and vertical axes; • whether a straight line is the correct graph;
• how accurately the point of intersection can be read from the graph;
• how the formula can be used to find the exact solution. It is a real challenge to find the correct equation and to solve it. One line of argumentation is: If 0.9 x airtime min = 75 + 0.6 x airtime min, then R75 is sufficient for 0.3 airtime minutes. Hence 0.3 x airtime min = 75 and hence 3 x airtime min = 750. The sought-after number of airtime minutes is a third of 750. Hence for 250 minutes of airtime the cost is R225 for both companies.
Here we do not have the routine execution of an algorithm, but rather the insightful manipulation of a formula. The learner understands throughout what it is all about.
A number of examples of this kind gradually familiarise the learner with the essential matters relating to linear functions: the form of the formula and the role of the coefficients for the gradient and the y-intercept. The range of numbers developed by the end of grade 9 is the set of rational numbers. In this phase, the learner should:
Context-rich mathematics
• be given ample opportunity to solve a variety of problems, using an increased range of numbers and the ability to perform multiple operations correctly and fluently. (Department of Education, 2002: 62) The assessment standards for grade 7 specify, among other things:
We know this assessment standard has been met when the learner estimates and calculates by selecting and using operations appropriate to solving problems that involve: addition, subtraction and multiplication of common fractions. (Department of Education, 2002: 70) In this regard Moss (2005: 309) remarks: "In fact, the rational-number system poses problems not only for youngsters, but for many adults as well."
In everyday life calculations with fractions have become outdated. Calculations with fractions are done in decimal form. In our opinion learners need not be troubled with calculations such as: We prefer to emphasise the concept that: a fraction is a number. In this regard it is then important to let learners reflect on phrases such as:
You pay half of one half. We give 25% discount. Take two, pay only for one. If you buy for R1.50, you only pay R1.00. Take three, pay only for two. The important ideas are the fraction as a number, its position on the number line and the equivalent decimal notation. Calculations with fractions are restricted to calculations with the equivalent decimal numbers. This is also relevant in everyday life.
Much attention should also be paid to the concept of a fraction as a ratio. Learners can solve many practical problems by making use of a socalled ratio table. In a ratio table each column has to be an equivalent ratio. Learners should be familiar with the fact that they can create new columns by multiplying a column with a constant or by adding two columns. They are allowed to use as many columns as they like. For example:
A car uses 8 litres of fuel for every 100 kilometres. How far can one drive with a full tank of 60 litres? A calculation using a ratio table can be seen in Table 6 ):
The floor plan of a school is drawn with a scale of 1 : 200. A passage is 12 cm long on the floor plan. What is the length of the passage in reality?
Negative numbers in school mathematics What is true for fractions is also true for negative numbers: calculations with negative numbers never occur in everyday life. However, learners encounter formulae and the accompanying graphs where negative numbers occur, and therefore they should be familiar with calculations using negative numbers. The assessment standards for Learning Outcome 1, grade 7 specify, among other things:
We know this assessment standard has been met when the learner estimates and calculates by selecting and using operations appropriate to solving problems that involve multiple operations with integers. (Department of Education, 2002: 70) There is no realistic context for calculations with negative numbers. Debt and temperature can be written as negative numbers. The cancelling of debt can then serve as an illustration of subtraction of a negative number. However, multiplication of negative numbers cannot be illustrated with debt as a context. Minus five degrees times minus three degrees also does not make sense.
Example 3: A fictitious context of a witch
The following idea of a fictitious context where negative numbers are applied is developed from a hint during an informal conversation with
Freudenthal in approximately 1975. It uses the context of a witch and goes a long way towards meeting the objections against the use of negative numbers. The witch has a cauldron with hot (positive) and cold (negative) blocks. The witch adds blocks to the cauldron (addition) and removes blocks from the cauldron (subtraction). Learners become aware of the two-fold meaning of the plus and minus signs: addition and subtraction (add or remove blocks), on the one hand, and positive and negative (hot or cold blocks), on the other.
By working within this context, learners should become familiar with rules such as: a positive number times a negative number gives a negative number. In the end learners should routinely apply these rules. They should not memorise the rules as a recipe, but should rather be able to explain the rules. We know this assessment standard has been met when the learner uses transformations, congruence and similarity to investigate, describe and justify (alone and/or as a member of a group or team) properties of geometric figures and solids, including tests for similarity and congruence of triangles. (Department of Education, 2002: 83) We regard it as possible to realise this outcome without reference to the language of mathematics.
In the next example the properties of a rhombus are conveyed through cutting and the identification of symmetries. This approach increases the chances of really comprehending the properties and not simply memorising them. The term congruence does not need to be mentioned at all.
Example 4: Paper-folding and -cutting
For this exercise you have to fold an A4 sheet of paper twice and then give it a straight cut near the double-folded corner (Figure 2 ). The resultant quadrilateral is called a rhombus.
The properties of the rhombus can all be deduced through the mental processes accompanying the practical activities of cutting and folding.
• The four sides have the same length, since they all fit on the cut side.
• The diagonals bisect each other, since they are the folded sides of the A4 sheet.
• The diagonals are orthogonal to each other, because the A4 sheet has right-angled corners.
• The diagonals bisect the angles, because these eight angles fit four on four after the cutting has been done.
• Therefore the opposite angles are also equal and the opposite sides are parallel. The utilisation of similarity should precede the learning of the property that two triangles are similar when two angles are equal. For example:
Example 5: Similarity John's measuring-rod has a length of 2 metres. At a certain stage the measuringrod has a shadow of 1.25 m. The shadow of a streetlamp is then 3.9 m. Show in the sketch how the shadow is formed by sun rays. Similarity is an enlargement or a reduction, i.e. the same form in the same proportions. The triangles formed by sun beams, objects and shadows are similar and therefore the unknown height of the streetlamp can be calculated (Figure 3) . In this phase the study of chance (probability) should include both single and compound events. Through experimentation and the analysis of situations, the learner should recognise the difference between the probability of outcomes and their relative frequency in simple experiments. (Department of Education, 2002: 66) The assessment standards for grade 9 specify:
We know this assessment standard has been met when the learner considers situations with equally probable outcomes, and determines probabilities for compound events using two-way tables and tree diagrams. (Department of Education, 2002: 91) Before you reach the stage where learners can talk about equally probable outcomes, they should experience that probabilities as such can be determined. They are familiar with the context of gambling machines. You can create a situation of a gambling machine in class. • If you do not throw a six, you do not win anything.
• Before every throw you pay R1. Every group of learners in a class can, for example, throw 100 times. The results per group can then be collected for the class as a whole and can be represented in a bar graph (Figure 4) . After this it is appropriate to consider whether the player or the owner of the gambling machine has the best chance of making a profit. The question should also be considered whether playing with three dice is a realistic simulation of other situations of chance, e.g. a certain kind of playing machine in a café or at a fair.
Mathematisation revisited
The context plays an essential role in the teachinglearning process. It is not only the mathematical activities that form part of the learning process, such as the gathering of information and of processing it in tables and graphs, but also the translation from context to mathematics and from the mathematical solution to an answer to the original question.
Involvement with contexts
After a context has been investigated (What does it deal with? To which question do we have to find an answer?), four activities must occur (Table 7) . In a scheme, these are represented in Figure 5 .
We illustrate the scheme with a final example from the field of algebra. 
Mathematisation 1
There are various ways in which this context can be translated into a mathematical model. One possibility is represented in Table 8a .
Doing mathematics 1
The table must be completed. This can hardly be done without a calculator (Table 8b ).
Interpretation 1
After 10 years the (rounded) number of whales has indeed doubled.
Mathematisation 2
The given situation can also be described as a formula: 
Verification
In both cases there has to be reflection on the meaning of the mathematical results within the context. When the table was filled in, decimal numbers were rounded to natural numbers. There cannot be 2289.8 whales. But a number of 3934 whales in 2005 is also not very likely. These calculations are approximations of the real situation. The numbers 7% and 2000 are also only estimations made by marine biologists. However, these estimations enable us to say something about the population.
In a broader perspective, the proponents of Realistic Mathematics Education describe the phases in the problem-solving process as horizontal and vertical mathematisation (Freudenthal, 1991; Gravemeijer, 1994; 1998) . Drijvers (2003: 53) explains that "horizontal mathematisation concerns organising, translating, and transforming realistic problems into mathematical terms, in short, mathematising reality. Vertical mathematisation concerns reflection on the horizontal mathematisation from a mathematical perspective, in short, mathematising the mathematical activities and developing a framework of mathematical relations." This formulation refers not only to the solution of individual problems, but more generally to the mathematical development established through the solution of and reflection on a range of carefully selected problems.
Problems with the RNCS
The current version of the RNCS makes it difficult for a developer to choose mathematics learning material. The curriculum does not clearly indicate what balance should be established between the learning of formal mathematics, on the one hand, and learning to use mathematics, on the other. As a result, a developer of material has difficult choices to make.
By including the language of mathematics in the curriculum for grades 1 to 9, time and energy are demanded for learning material • that is sometimes not relevant to everyday life, • that is mostly presented too early for the learner, • that can only be reproduced in the format of a recipe, • that bears no or very little intrinsic motivation. On the contrary, learning material with the focus on using mathematics We admit that, when realistic contexts are explored, learners are expected to read and interpret text consisting of a greater use of words/language. In many instances this poses a problem, since in the project schools learners' reading skills are often under-developed. However, our experience has convinced us that the desire to solve realistic problems often acts as a stimulus for learners to also improve their reading proficiency.
Responses of teachers
The following responses (translated from Afrikaans into English) of three teachers in the project schools illustrate their experience of the learning material:
The On the basis of our experience we make a plea that material developers are allowed to translate the curriculum for the senior phase into context-rich mathematics and to postpone much of the language of mathematics until grades 10, 11 and 12.
